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Abstract 

We consider boundary value problems for semilinear hyperbolic systems of the type 

dtUj + aj{x, X)dxUj + bj{x, X,u) = 0, x € (0, 1), j = 1, . . . , n 

with smooth coefficient functions aj and bj such that bj{x,X,0) = for all x G [0,1], 
A € M, and j = 1, . . . ,n. We state conditions for Hopf bifurcation, i.e., for existence, 
local uniqueness (up to phase shifts), smoothness and smooth dependence on A of 
time-periodic solutions bifurcating from the zero stationary solution. Furthermore, we 
derive a formula which determines the bifurcation direction. 

The proof is done by means of a Liapunov-Schmidt reduction procedure. For this 
purpose, Fredholm properties of the linearized system and implicit function theorem 
techniques are used. 

There are at least two distinguishing features of Hopf bifurcation theorems for 
hyperbolic PDEs in comparison with those for parabolic PDEs or for ODEs: First, the 
question if a non-degenerate time-periodic solution depends smoothly on the system 
parameters is much more delicate. And second, a sufficient amount of dissipativity is 
needed in the system, and a priori it is not clear how to verify this in terms of the data 
of the PDEs and of the boundary conditions. 
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1 Introduction 

1.1 Problem and Main Result 

This paper concerns hyperbolic systems of semilinear first-order PDEs in one space dimension 
of the type 

LudfUj + aj{x, X)drcUj -\- bj{x, X,u) — 0, x & {0,1), j — 1, . . . ,n (1.1) 
with reflection boundary conditions 

n 

^=-+1 (1.2) 
= ^rjkUk{l,t), j ^m + l,...,n 

k=l 

and time-periodicity conditions 

Uj{x, t + 2t:) = Uj{x,t), X G [0,1], j = 1, . . . ,n. (1.3) 
Here m <n are positive integers, and Vjk G IR are reflection coefficients. We suppose that 
aj : [0, 1] X M ^ M and hj : [0, 1] x M x M" ^ M are C~-smooth for aU j = 1, . . . , n, (1.4) 

aj{x, 0) 7^ for all x e [0, 1] and j — 1, . . . ,n, (1.5) 

aj{x, 0) 7^ ak{x, 0) for all x G [0, 1] and 1 < j ^ k <n. (1.6) 

The number a; > and the function u = (mi,...,m„) : [0, 1] x M — )■ M" are the state 
parameters to be determined, and A e R is the bifurcation parameter. Speaking about 
solutions to (1.1)-(1.3), throughout the paper we mean classical solutions, i.e., C^-smooth 
maps M : [0, 1] X R — )> R" which satisfy (1.1)-(1.3) pointwise. 

If, for given A and w, m is a solution to (1.1)-(1.3) and U : [0, 1] x R ^ R'^ is defined as 
U{x,t) := u{x, cut), then 

dtUj + aj{x,X)d^Uj + bj{x,X,U)^0, (0,1), j = l,...,n, (1.7) 
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and U is 27r/a;-periodic with respect to time; and vice versa. In other words: Solutions 
to (1.1)-(1.3) correspond to 27r/a;-periodic solutions to (1.7) (which satisfy the boundary 
conditions (1.2)). 

We suppose that for all A and uj the function m = is a solution (the so-called trivial 
solution) to (1.1)-(1.3), i.e., 

bj{x, A, 0) = for all x e [0, 1], A e M, and j = 1, . . . , n. (1.8) 

We are going to describe families of non-stationary solutions to (1.1)-(1.3) bifurcating from 
the family of trivial solutions. With this aim we consider the following eigenvalue problem 
for the linearization of (1.1)-(1.3) at the trivial solution 

d " 

aj{x,X)—Vj + ^du^bj{x,X,0)vk = i^Vj, x e (0, 1), j = 1, . . . , n 



dx 

k=l 



(0)= Yl ^ife^fe(O)' j^h---,m, (1.9) 

k=m+l 
m 

Vj{l) = YrjkVk{l), j ^m + l,...,n 

k=l 



and the corresponding adjoint eigenvalue problem 

-— {aj{x, X)wj) + Y dujbk{x, A, 0)wk = pwj, x e (0, 1), j = 1, . . . , n, (1.10) 

^ k=l 



aj{0,X)wj{0) = -J^ rfcj-afe (0,A)wfe(0), j ^m+1,..., 

k=l 
n 

aj{l,X)wj{l) = - ^ rkjak{l,X)wk{l), j ^l,...,m. 



;i.ii) 



k=m+l 

Here /i,!/ & C are the eigenvalues and v — {vi, . . . , Vn),w — {wi, . . . , Wn) [0, 1] — >■ C" are 

the corresponding eigenfunctions. 

Let us formulate our assumptions which are analogous to corresponding assumptions in 
Hopf bifurcation for ODEs (see, e.g., [4, 9, 20]) and for parabolic PDEs (see, e.g., [10, 17, 
18, 22]). 

The first assumption states that there exists a pure imaginary pair of geometrically simple 
eigenvalues to (1.9) with A = 0: 



For A = and /i — i there exists exactly one (up to linear dependence) 
solution V to (1.9). 



(1.12) 
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The second assumption states that the eigenvalues fj, — ±i to (1.9) with A = are 
algebraically simple: 



For any solution ^; 7^ to (1.9) with A = and /i — i and 

for any solution w 7^ to (1.10) — (1.11) with A = and 1/ — —i 



/.I 

we have ^ / Vj{x)wj{x) dx 7^ 0. 
7=1 -^0 



(1.13) 



In what follows, we fix a solution v = to (1.9) with A = and = i and a solution w = w'^ 
to (l.lO)-(l.ll) with A = and fj. = —i such that 



/ v]{x)w'^{x)dx^2. (1.14) 

The third assumption is the so-called transversality condition. It states that the eigen- 
value fjL — //(A) i to (1.9) with A crosses the imaginary axis transversally if A crosses 
zero: 

\ ^ f (I ^ \ 

a := - Rej;] \^dxaj{x, Q)-^Vj{x) + J2 9>^9-M^^ 0, 0)vl{x)j w'jix) dx ^ (1.15) 

(in fact it holds Re/i'(0) = a, cf. (4.6)). 

The fourth assumption is the so-called nonresonance condition: 

If (/X, v) is a solution to (1.9) with X — 0, /j, — ik, k e and v ^ 0, then k — ±1. (1.16) 

In order to formulate our main result we need some more notation: 

bjkix) := duM^, 0, 0), bjkii^) := dl^^fijix, 0, 0), bj^Ux) := d^^^^M^, 0, 0), (1.17) 

Rn :— max max > Ir.fcl exp ( — / — -d^ ] , (1-18) 

l<j<m 0<.<1 ^V7oS(e,0)V ^ ' 

Ri := max max > Ir.fcl exp / -rff , (1-19) 



and 



- ^ j,k,l,r=l j,k,l=l I 
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Here y : [0, 1] — > and z : [0, 1] — > are the solutions to the boundary value problems 



d " 1 

k=l kJ=l 

n 

VM = Y rjkVkiO), j = 1, . . . , m, 

fc=m+l 
m 

= XlOfcyfe(l)' j ^m + l,...,n 



k=l 



and 



1 



k=l kJ=l 



n 



fe=m+l 
m 

(1) = Y^jk^ki'^): j = m + l,...,n. 



fc=l 



Remark that the two boundary value problems above are uniquely solvable due to assump- 
tion (1.16). 

Definition 1.1 We denote by Cn the space of all continuous maps u : [0, 1] xM — >■ R", which 
satisfy the time-periodicity condition (1-3), with the norm 

IImIIoo := max max max Iw^fa;, 

I<j<n0<a;<l telR ' ^ 

Now we are prepared to formulate our main result: 

Theorem 1.2 Suppose (14)-(1.6), (1.8), (1.12)-(1.16), and 

RoRi < 1. (1.21) 

Then there exist Eq > and C'^-maps A : [0, £0] ^ M, o) : [0,£o] R? cind u : [0,£o] C-n 
such that the following is true: 

(i) Existence of nontrivial solutions: For all £ G (0, £0] the function u{e) is a C°° -smooth 
nontrivial solution to (1.1)-(1.3) with A = \{e) and u = (2j{e). 

(a) Asymptotic expansion and bifurcation direction: We have 

A(0) = A'(0) = 0, A"(0) = -, uj{Q) = 1, 

a 



and u{0){x,t) = 0, u'{0){x,t) = Rev°{x) cost - Imv°(a;) sini for all x e [0, 1] and t eR. 

(in) Local uniqueness: There exists S > such that for all nontrivial solutions to 
(1-3) with \\\ + |a; — 1| + ||m||oo < ^ there exist e G (0,£o] Q^*^ G M such that A = \{s), 
uj = oo{e), and u{x, t) = u{e){x, t + ip) for all x G [0, 1] and t G M. 

Our paper is organized as follows: 

In Section 1.2 we comment about mathematical models which contain dissipative hyper- 
bohc PDEs and which are used for describing destabilization of stationary states and/or for 
describing stable time-periodic processes. 

In Section 1.3 we comment about some publications which are related to ours. 

In Section 2 we derive the weak formulation (2.1), (2.2) for the PDE problem (1.1)-(1.3) 
via integration along characteristics, and we introduce operators in order to write this weak 
formulation as the operator equation (2.11). 

In Section 3 we do a Liapunov- Schmidt procedure (as it is known for Hopf bifurcation 
for parabolic PDEs or for ODEs) in order to reduce (for A ~ 0,w ~ 1 and u ^ 0) the 
problem (1.1)-(1.3) with infinite-dimensional state parameter (ci;,^) G M x to a problem 
with two-dimensional state parameter. Here the main technical results are Lemmas 3.3 and 
3.4 about local unique solvability of the infinite dimensional part of the Liapunov- Schmidt 
system and Lemma 3.6 about smooth dependence of the solution on parameters. The proofs 
of these Lemmas are much more complicated as the corresponding proofs for parabolic PDEs 
or for ODEs. The point is that in the case of dissipative hyperbolic PDEs the question of 
Predholm solvabihty of linear periodic problems as well as the question of smooth dependence 
of solutions on parameters are much more difficult. The difficulty with the Predholmness is 
solved in [26]. 

In Section 4 we put the solution of the infinite dimensional part of the Liapunov-Schmidt 
system into the finite dimensional part and discuss the behavior of the resulting equation. 
This is completely analogous to what is known from Hopf bifurcation for ODEs and parabolic 
PDEs. 

In Section 5 we present an example of a problem of the type (1.1)-(1.3) such that all 
assumptions (1.4)-(1.6), (1.8), (1.12)-(1.16), and (1-21) of Theorem 1.2 arc satisfied. 

Finally, in the appendix we present a simple linear version of the so-called fiber contrac- 
tion principle, which is used in the proof of the key technical Lemma 3.6. 

1.2 Applications 

Almost all features of the phenomenon Hopf bifurcation for dissipative hyperbolic PDEs are 
the same as those for parabohc PDEs. Hence, one could ask why Hopf bifurcation is well 
estabhshed since 40 years for parabohc PDEs, but for dissipative hyperbolic PDEs almost 
nothing is known. 

One reason is that the proofs for dissipative hyperbolic PDEs are more difficult. But a 
second reason is that in the past there existed only a few real world mathematical models 
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containing dissipative hyperbolic PDEs and which were used for describing, optimizing and 
stabiUzing time-periodic processes. 

One field of appearance of those models is modeling of semiconductor laser devices and 
their applications in communication systems (see, e.g. [29, 38, 39, 40, 45]). Remark that the 
above cited semiconductor laser models have some specific features: There the hyperbolic 
PDEs (balance equations for the complex amplitudes of the hght field) have complex coeffi- 
cients, and they are coupled with ODEs (balance equations for the electron densities). More- 
over, the models possess a nonlinear-Schrodinger-equation-like 5*0 (2)-equivariance, therefore 
the Hopf bifurcations are bifurcations from relative equilibria (rotating waves) into relative 
periodic orbits (modulated waves). Anyway, for proving Hopf bifurcation there one has to 
overcome the same problems as in the present paper. 

In [6] (with applications to population dynamics), [19] (with applications to correlated 
random walks), [21] (with applications to Brownian motion) and [35] (with applications to 
Rayleigh-Benard convection) the authors considered semilinear hyperbolic systems of the 
type (1.1) with boundary conditions of the type (1.2) and with certain additional structures 
(determined by the applications) in the PDEs as well as in the boundary conditions. A linear 
stability analysis for the stationary solutions is done, and the bifurcation hypersurfaces in the 
space of control parameters are described, in particular those where the conditions (1.12), 
(1.13), and (1.15) are satisfied and, hence, where the authors expect Hopf bifurcation to 
appear. 

1.3 Some remarks on related work 

The main methods for proving Hopf bifurcation theorems are, roughly speaking, center 
manifold reduction and Liapunov- Schmidt reduction. In order to apply them to abstract 
evolution equations one needs to have a smooth center manifold for the corresponding semi- 
fiow (for center manifold reduction) or a Fredholm property of the linearized equation on 
spaces of periodic functions (for Liapunov-Schmidt reduction). It seems that hyperbolic 
partial differential operators do not satisfy conditions like [17, Hypothesis 2.7 in Chapter 
2.2], [32, Chapter 2.4.2], or [46, Hypothesis (H)], which are usually assumed to be fulfilled 
by the operators in the abstract evolution equations and which imply the existence of center 
manifolds, and they also do not satisfy the conditions like [10, Hypothesis (HL)] or [22, 
Hypothesis 1.8.8], which are assumed in order to apply Liapunov-Schmidt reduction. 

The celebrated counter example of M. Renardy [44] shows that a reasonable linear hy- 
perbolic differential operator in two space dimensions with periodic boundary conditions 
may not satisfy the spectral mapping property (see also [8, 13]), and, hence, its spectral 
decomposition does not create a corresponding spectral decomposition of the corresponding 
linear semiflow. Therefore, the question of existence of center manifolds for small nonlinear 
perturbations of this linear semiflow is completely open. 

But hyperbolic PDEs in one space dimension are better: They satisfy, under reasonable 
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assumptions, the spectral mapping property in i/-spaces (see [37]) as well as in C-spaces (see 
[27]). The spectral mapping property in L^-spaccs is used in [38, 45] to show the existence of 
smooth center manifolds for linear first-order hyperbolic PDE systems which are coupled with 
nonlinear ODEs. Here the linearity of the problem with respect to the infinite dimensional 
part of the phase space is essential, because it implies the well-posedness and smoothness 
in I/P-spaces of the Nemyckii operators. The spectral mapping property in C-spaces is used 
in [28] to show the way how to prove the existence of smooth center manifolds in C-spaces 
for general semilinear first-order hyperbolic systems. It seems that going this way one could 
prove the Hopf bifurcation theorem of the the present paper as well. 

The eigenvalue problem (1.9) is well-understood. The set of the real parts of all eigen- 
values is bounded from above. All eigenvalues have finite multiplicity. The eigenvalues are 
asymptotically (for large imaginary parts) close to eigenvalues of the corresponding "diago- 
nal" eigenvalue problem (i.e., if the non-diagonal terms du^bj{x, X,0)vk with j ^ k in (1.9) 
are neglected). If (1.21) is satisfied, then the supremum of the real parts of the eigenvalues of 
the "diagonal" eigenvalue problem is negative, and, hence, only finitely many eigenvalues of 
the "full" eigenvalue problem (1.9) can be close to the imaginary axis. For related rigorous 
statements see, e.g., [27], [31, Chapter 6.1] and [36, 37, 42]. 

In [46] a ID semilinear damped wave equation of the type d^u = d'^u — 'ydtu + f{u) with 
/(O) = is considered. This equation is subjected to zero Dirichlet boundary conditions, 
which imply the exceptional property that for u satisfying the boundary conditions the 
nonlinearity f{u) satisfies the boundary conditions also. This property is essentially used to 
prove the existence of a smooth center manifold. 

In [2] Hopf bifurcation for (1.1)-(1.3) with aj{x,X) not depending on A is considered. It 
is assumed that many refiection coefficients Vjk vanish, which allows to use some smoothing 
property for the solutions to the corresponding linearized initial-boundary value problem [12] . 
But, unfortunately, there is an essential gap in the realization of the Liapunov- Schmidt 
procedure: Using our notation, the finite-dimensional part (3.14) of the Liapunov- Schmidt 
system is first locally solved with respect to A and (in terms of v and w): 

A = A(^;, w), ui — uj{v, w). 

Then these solutions are inserted into the infinite-dimensional part (3.15) of the Liapunov- 
Schmidt system. Finally the intention is to solve the resulting equation by means of the 
implicit function theorem with respect to w. But in the resulting equation there appear 
terms of the type 

In other words: The unknown function appears in the argument of the unknown function 
(like, for example, in ODEs with state depending delay). If one formally differentiates this 
expression with respect to w, then there appears dtWj{^,Tj{^,x,t,uj{v,w))), which has less 
smoothness with respect to t than wj. Roughly speaking, this loss of smoothness property 
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is the reason that the nonhnear operator corresponding to the resulting equation is not 
differentiable in a neighborhood of zero, neither in the sense of C-spaces nor of C^-spaces. 
Hence, the imphcit function theorem (at least the classical one) is not applicable. 

In [33] the authors considered scalar linear first-order PDEs of the type {dt + dx + n)u = 
on (0, oo) with a nonlinear integral boundary condition at x — 0: 



The nonlocality of the boundary condition is essential for the applied techniques in [33] 
(integrated semigroup theory, see also [30]) to get existence of center manifolds and Hopf 
bifurcation. It is easy to realize that we could also consider (linear or nonlinear) integral 
boundary conditions, i.e., if we would replace (1.2) by boundary conditions of the type 



then we would get essentially the same result as that described in Theorem 1.2, even without 
any assumption of the type (1.21). Roughly speaking, the reason is that the weak formulation 
of the problem will be of the type (2.11) again, but now with C(A, cj) being compact (due 
to a smoothing property proved in [23]). 

To the best of our knowledge, almost no results exist concerning smooth dependence on 
parameters of non-degenerate time-periodic solutions of dissipative hyperbolic PDEs. The 
paper [16, Chapter 3.5.1] shows the difficulty of this problem. There conditions are formu- 
lated such that a non-degenerate time-periodic solution to a system of semilinear damped 
wave equations survives under small parameter perturbations, but nothing is known if the 
perturbed solution depends smoothly on the perturbation parameters. Results about smooth 
dependence on data for time-periodic solutions to linear first-order hyperbolic systems with 
reflection boundary conditions are given in [25]. 



In this section we derive (for A ~ 0) a weak formulation for the PDE problem (1.1)-(1.3) 
via integration along characteristics, and we introduce operators in order to write this weak 
formulation as an operator equation. 

Let (^0 > be sufficiently small such that (cf. assumption (1.5)) 





2 Abstract formulation of (1.1)-(1.3) 



aj{x, A) 7^ for all j = 1, . . . , n, x & [0, 1] and A e [— ^o, ^o]- 
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Straightforward calculations (cf. [26, Section 2]) show that a C^-map m : [0, 1] x R — >■ M" is 
a solution to the PDE problem (1.1)-(1.3) with A £ [So, Sq] if and only if it is a solution to 
the following system of integral equations: 

n 

Uj{x,t) = Cj{Q,x,X) ^ rjkUk{0,Tj{0,x,t,X,uj)) 

k=m+l 

+ r^47^/.(e,A,«(e,T,(e,x,t,A,^))K, j = i,...,m, (2.1) 



k=l 



[x,t) = Cj(l, X, A) rjkUkjl, Tj{l,x,t,X,uj)) 

Cj{^,x,x 



(2.2) 



Here 



Tj{i,x,t,X,uj) :=uj — — — + t (2.3) 
is the j-th characteristic of the hyperbohc system (1.1) and 

CjiC,^,^) — exp / — r^drj, (2.4) 
fj{x, A, u) := dujbj{x, A, 0)uj - bj{x, A, u). (2.5) 

If we set b{x, A, u) := (6i(,x, A, -u), . . . , 6„(x, A, -u)) and /(x, A, u) := (/i(a;, A, m), . . . , fn{x, A, m)), 
then the nonlinear map —f{x, A, •) is the difference of the nonlinear map b{x, A, ■) and of the 
diagonal part of the linear map dyb{x, A, 0). Hence, the diagonal part of duf{x, A, 0) vanishes. 
This will be used later on (see (2.21) and the text there), because this implies that the linear 
operators / — C(A,a;) — duF{X,uj, 0) (see (2.9) and (2.10)) are Fredholm of index zero from 
Cn into Cn- 

Let us show that any solution to (1.1)-(1.3) satisfies (2.1)-(2.2): If m is a C^-solution to 
(1.1)-(1.3), then 

-.,(e, r,(e, X, t, A, u)) + t, A, u)) 

^ fAiA.u{i,Tj{i,x,t,x,uj))) 

«i(C,7-j(C,a;,t, A,a;)) 

Now, applying the variation of constants formula and using the boundary conditions (1.3), 
one gets (2.1)-(2.2). 
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And vice versa: For any C^-smooth map u : [0, 1] x R — >■ R it holds 



{udt + aj{x, X)d^) {cj{^, x, X)uk{C., rj{C,, x, t, A, cu))) 
= -du^bj{x, A, 0)cj(C, X, X)uk{^, Tj{$,, X, t, A, u)) 



(2.7) 



and 



{udt + cij{x, X)dx) 



Cj{rj,x,X) 



aj{ri,X) 

fj{x, A, u{x, t)) - dujbj{x, A, 0) 



c.j{rj, ,T, A) 



aj{ri,X) 



fjiv, \ u{ri, Tj{ri, X, t, A, uj)))d7]. (2.8) 



Therefore, if u satisfies (2.1)-(2.2), then it satisfies (1.1). 

Now, for A e [—5o, Sq] and a; e R we define hnear bounded operators C(A, a;) : C„ — >■ C„ 

by 



{C{X,uj)u),{x,t) { 



Cj{0,x,X) rjkUk{0,Tj{Q,x,t,X,uj)), j ^l,...,m, 

k=m+l 
m 

Cj{l, X, A) rjkUk{l, Tj{l, x,t,X,u;)), j ^m + l,...,\ 



(2.9) 



fc=i 



and nonhnear operators F{X, cu, ■) : Cn ^ Cn by 

Cj{i,x,X) 
%(C,A) 



F(A, a;, u)j{x^ t) : = 
Here and in what follows we denote 



m,X,u{^,Tj{^,x,t,X,cu)))d^. (2.10) 



Xj :— 



for j = 1, . . . ,m, 

1 for j = m + 1, . . . ,n. 



Using this notation, system (2.1)-(2.2) is equivalent to the operator equation 

U = C{X,(x!)u + F{X,(x!,u). 



(2.11) 



Because of assumption (1.4) and well-known differentiability properties of Nemytskii 

operators (sec, e.g., [1, Lemma 2.4.18], [3, Lemma 6.1]) the superposition operator u G C„ i— )■ 
f{-,X,u{-)) e Cn (cf. (2.5)) is C°°-smooth. Hence, F{X,uj,-) is C°°-smooth. It is easy to 
verify that 

{X,u),u) e [-5o,^o] X R X C„ I-)- C{X,u))u e Cn is continuous (2-12) 
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and that for all A; = 0, 1, 2, 



(A, w, u,vi,..., Vk) e [So, So] xRxCnX ■■■><€„ 
!->■ d^F{\ u, u){vi, ... ,Vk) e C„ is continuous. 



(2.13) 



Moreover, for all A; = 0, 1, 2, . . . and p > there exists Ck{p) > such that for all A e [— ^o, <^o], 
a; e M, 14 e C„ with ||w||oo < P ^-nd i;i, . . . , I'fe e C„ it holds 



||(9^F(A, . . . , Vfc)||oo < Cfc(p)||ui||oo • • • ll^fcl 



(2.14) 



Unfortunately, the maps {X^oj) G [— 5o)^o] x M i— )■ C{\uj)u e C„ as well as (A,a;) e 
[— 5o] X 1^ -^(A, cu, m) G C„ are not smooth, in general, if u is only continuous and not 
smooth, cf. (3.54). This makes the question, if the data-to-solution map corresponding to 
(2.11) is smooth, very dehcate. 

Definition 2.1 We denote by the Banach space of all u & Cn such that the partial 
derivatives d^u and dfU exist and are continuous with the norm ||ii||oo + 1 1 ^^i* I loo + 1 1 ^t^* I loo- 

Directly from the definitions (2.9) and (2.10) it follows that for all u E we have 
C{X,uj)u e Cl, F{X,uj,u) e C^, and 



dxC{X,u!)u = Cq{X,u!)u + Cf{X,u)dtu, 

dtC{X,u})u — C{X,u)dtU, 

dxF{X,uj,u) = Fq{X,u},u) + F^{X,uj,u)dtU, 

dtF{X,uj,u) = duF{X,uj,u)dtU, 



(2.15) 



where Cq{X,uj), Cf(A,a;), and Ff(A, a;,w) are linear bounded operators from Cn into C„ 
defined by 



iCSiX,uj)u)Ax,t) 



d:cCj{0,x,X) ^ rjkUk{0,Tj{0,x,t,X,uj)), j = l,...,m, 

k=m+l 

m 

d:cCj{l, a;. A) ^ r-jkUkil, Tj{l,x,t, X,u)), j = m + 1, . . . ,n, 



k=l 



{CUX,uj)v)Ax,t) 



(x!cAO,X,X) 

7 — Tx— 2^ rjkVk{0,Tj{0,x,t,X,u)), J = 1, 



ucj{l, X, A) 



' k=i 



X,u)), j = m + l,...,n, 



and 



{F^{X,u,u)v)j{x,t) 

T^^\\^'fc\\ ^^kfA^^ A, u{^, Tji^, X, t, A, uj)))vkiC, Tji^, X, t, A, uj))d^, 
aj[x, A)aj[t,, A) ^ 
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and Fq{X,uj,u) G C„ is defined by 

Lemma 2.2 Suppose (1.21). Then for any 71 > there exist 5i G (0, 5o] and Ci > such 
that for all A G [— ^i, ^i] and all uj G [—71, 71] the following is true: 

(i) The operators I — C{X,uj) are isomorphisms on Cn as well as on C^, and 

- C{X,u))-'\\cic„) + ||(/ - C{X,uj))-'\\cici) < ci. 

(a) The operators I — C{X,uj) — duF{X,uj, 0) are Fredholm operators of index zero from 
Cn into Cn- 

Proof. To prove assertion (i) . denote by Cm the space of all continuous maps v : [0, 1] x 
M IR"* with v{x,t + 27r) = v{x, t) for all x G [0, 1] and t G K, with the norm 

lli'llno := max max max\vj(x,t)\. 

I<j<m0<x<l tm 

Similarly we define the space Cn-m- The spaces C„ and Cm x Cn-m will be identified, i.e., 
elements m G C„ will be written asu = {v,w) with v & Cm and w G Cn-m- Then the operators 
C{X,uj) work as 

C{X,uj)u — {K{X,uj)w, L{X,uj)v) ioT:u — {v,w), (2-16) 

where the linear bounded operators ^(A,!^;) : Cn-m — ^ Cm and L{X,u) : Cm — >■ Cn-m are 
defined by the right hand side of (2.9). 

Let / = ((?, h) G Cn with g E Cm and h G Cn-m be arbitrarily given. We have u — 
C (A, u})u + / if and only iiv — K{X, uj)w + g, w — L{X, uj)v + h, i.e., if and only if 

v^K(X,uj)(L(X,u)v + h)+g, w ^ L(X,uj)v + h. (2.17) 

Moreover, it holds 



\\K{X,Lj)w\ 



max max max 

l<i<mO<a:<l teK 



Cj{0,x,X) rjkWk{0,Tj{0,x,t,X,uj)) 



k=m+l 



<RoW\H 



with 



-n^o(A) := max max > r.fc exp — / — — — ari 

^' i<.<mo<.<i I ^^=1 io a,{ri,X) 'J 



fe=m+l 

Similarly one shows that ||L(A, a;)i'||oo < -Ri(A)||i'||oo with 



n „ 

Ri(^) '-— max max > |r,i.|exp / 

m+l<j<nO<a;<l ^-^ I 

1^ I 1 V X 



k=m+l 



'duMn^x^ 

aj{ri,X) 



dr]. 



13 



Since Ro{X) and Ri{X) depend continuously on A, notation (1.18) and (1.19) and assumption 
(1.21) yield that there exist 5i e (0, 5o] and c e (0, 1) such that for all A e [—5i, 5i] and all 
a; e M we have 

Therefore, for those A and cu it holds 

\\(I-K{X,u)L{X,u))-'\\cic„_) < 

hence, the system (2.17) is uniquely solvable with respect to v and w. Moreover, we have 
the following a priori estimates: 

\\v\\oo < -^\\K{X,u)h + g\\^ < -^(i?o(A)||/i||oo+ ll^lloo), 
1 — c 1 — c 

||w||oo = ||L(A,a;)'t; + /i||oo < const (II5II00+ II^IU) , 

i.e., ||m||oo ^ const ||/||oo- Here the constants do not depend on A G [— ^i. Si] and a; e R. 

Now fix an arbitrary 71 > 0. Suppose u — C(A, uj)u + f with f E C^, X E [Si, Si], and 
u G [—71,71]. Then [25, Theorem 1.2 (iv)] implies that u G C^. Hence, it remains to show 
that 

||m||oo + ||<9a;M||oo + \\dtU\\oo < const (||/||oo + ||5^:/||oo + H^t/Hoo) , (2.18) 

where the constant can be chosen independently of u, /, A, and cu. 
Because of (2.15) we have 

d,u = Co"(A, uj)u + (A, uj)dtu + dj, (2.19) 
dtU^C(X,uj)dtU + dtf. (2.20) 

The equation (2.20) now yields ||5tM||oo < const ||c?t/||oo; and this together with (2.19) gives 
(2.18). Here the constants do not depend on A G [— and u G [—71,71], but on 71, 
because the norm of the operator Cj^(A,a;) grows if u grows, in general. 
To prove assertion (ii), we take into account (2.5) and (2.10), hence 

{d^F{X, CO, 0)u). {x, t)^- r ^-MC, A, OWiC, TjiC, X, t, A, uj)))dC. (2.21) 

Since the right-hand side of (2.21) does not depend on Uj, we can use assertions (i)-(in) of 
[26, Theorem 1.2] and state that the operators / — C{X. uj) — duF[X,u,0) are Fredholm of 
index zero from C„ into C„ if Ro{X)Ri{X) < 1. Because of assumption (1.21) this is the case 
if A is sufficiently close to zero. □ 



14 



3 Liapunov-Schmidt procedure 



In this section wc do a Liapunov-Schmidt procedure in order to reduce (locally for A ~ 0, w ~ 
1 and u !v 0) the problem (2.11) with infinite-dimensional state parameter {ui,u) G M x C„ 
to a problem with two-dimensional state parameter. 

For A G [— 5o,(^o] and a; G IR we introduce linear bounded operators A{X,uj), A{X,uj) : 
Cl ^ Cn by 

\A{\ bj)v\ (x, t) := \jjdtUj{x, t) + aj{x, X)d^Uj{x, t) + dujbj(x, A, 0)uj{x, t)]"^^^ , 
A{X,u!)u {x,t) := [-ujdtUj{x,t) - dx{aj{x,X)uj{x,t)) + dujbj{x,X,0)uj{x,t)]''^^^ 

and linear bounded operators -B(A), B(X),D{X) : Cn ^ Cn by 



[B{X)u] {x,t) 



B{X)u {x,t) 



^du^^bjix, X,0)uk{x,t) 



k=l 



^du^bk{x, X,0)uk{x,t) 



k=l 



[D{X,u)u]{x,t) := 
Finally, we denote by 

-j^ r-2-K pi 

{u,v) :— — / / Uj{x,t)vj{x,t)dxdt 
271" Jo Jo 

the scalar product in C„. Obviously, for all u,v E it holds 



{A{X,uj)u,v) — {u,A{X,uj)v) — 
and for all u,v & Cn we have 



n »27r 

^^aj{x,X) / Uj{x,t)vj{x,t)dt 
.7=1 



a;=l 



x=0 



(3.1) 



(3.2) 



(B(A)m,v) - {u,B{X)v) = 0. 



(3.3) 
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In particular, if u satisfies the boundary conditions (1.2) and v satisfies the adjoint boundary 
conditions 

m 

aj{Q,X)vj{Q,t) = - ^rkjak{0, X)vk{0,t), j = m + l,...,n, 

n (3.4) 

k=m+l 

then {A{X,u!)u,v) = {u, A{X,u!)v) . 

Lemma 3.1 (i) For all u e it holds A{X,uj)C{X,uj)u — 0, A{X,uj)D{X,uj)u — u, 
A{X,oj)duF{X,oj,0)u — —B{X)u, and 

[A{X, uj)F{X, u, u)] {x, t) = f{x, X, u{x, t)). (3.5) 

(a) For all u & satisfying the boundary conditions (1.2) it holds D{X,uj)A{X,uj)u — 
{I -C{X,uj))u. 

Proof, (i) Take u G C^. Then A{X,u)C{X,u)u = follows from (2.7) (taking there 
^ = Xj), A{X,u)D{X,u)u = u follows from (2.8) (taking there ^ = Xj and fj{x,X,u) = Uj). 
Similarly, (3.5) follows from (2.8) (taking there ^ = xj). Finally, from (2.21) we have 
duF{X,uj,0)u^ -D{X,uj)B{X)u, hence B{X)u = -A{X,u)duF{X,oo,0)u. 

(ii) In Section 2 we showed the following (cf. (2.6)): If we have A{X,uj)u — f for some 
f E Cn and some u e which satisfies the boundary conditions (1.2), then (I — C{X,uj))u = 
D{\u)f. □ 



3.1 Kernel and image of the linearization 

Using the functions v^,w^ : [0,1] — >■ C", introduced in Section 1.1 (see (1.14)), we define 
functions v, w : [0, 1] x R and Vi, Va, Wi, Wa : [0, 1] x R W by 

v(x, t) := i;°(a;)e^**, w(a;, t) := w°(a;)e^**, , . 

Vi := Rev, Va := Imv, Wi := Rew, Wa := Imw. ^ ' ' 

It follows from (1.14) and (3.1) that 

(vj,Wk) =(5jik. (3.7) 

Remark that here we used the number two in the normalization condition (1.14). Further, 
we define a linear bounded operator Lq : Cn — > Cn by 

Lo :=/-C(0,l)-a„F(0,l,0). 



16 



Due to Lemma 2.2 (ii), Lq is a Predholm operator of index zero from C„ into C„. To simplify 
further notation we will write 

A := ^(0, 1), A := i(0, 1), B := B{0), B := S(0). (3.8) 

Lemma 3.2 We have 

kerLo = span{vi, Va}, imLo = |/eCn: (/, iwi) = (/, iwa) = o| . 

Proof. Take m G kerLo- Then, by [25, Theorem 1.2(iv)] we have u G C^. Hence, because 
of Lemma 3.1 it holds ALqu = A{I - C(0, 1) - a„F(0, 0))m = + 5)m = 0, i.e., 

dtUj{x, t) + aj{x, 0)dxUj{x, t) + dujbj{x, 0, 0)Mj(a;, t) = 0. 

Moreover, u satisfies the boundary conditions (1.2) because any function of the type C(A, uj)v-\- 
duF{\,u,0)v with arbitrary v G C„ satisfies those boundary conditions. Doing the Fourier 
ansatz 

u{x,t) = J]M^(a;)e'^*, 
we get the following boundary value problem for the coefficient u^: 

aj{x,0)-^Uj{x) + ^du^bj{x,0,0)ul{x) = -isu'j{x), j = l,...,n, 

k=l 

n 

^^0) = Yl ^jkuiiO), J = 1, . . . , m, 

k=m,+l 
m 

k=l 

By assumptions (1.12) and (1.16), this is equivalent to 

u' ^0 for all s G Z \ {-1, 1} and u^^ G span {Rev°, lmv°}, 

i.e., to w G span{Rev,Imv}. In particular, we have {A + B)v — 0. Similarly one shows 
that 

(i + S)w = (3.9) 

and that w satisfies the adjoint boundary conditions (3.4). 

Now we show that imLo C {/ g C„ : (/, Awi) = (/, Awa) = 0}: Take / G imLo, i.e., 
/ = (/ — C(0, 1) — duF{0, 0))u with arbitrary u G C„. Using Lemma 3.1, (3.2), the fact that 
any function of the type C{X,(x!)v + 9„F(A,a;,0)v with a certain i> G C„ satisfies (1.2) and 
that w satisfies (3.4), we get 

((C(0,l)+a„F(0,l,0))M,iwj) = (A(C(0,l)+a,F(0,l,0))M,Wj) = -(5m, wj) = -{u,Bwi). 
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Hence, (3.9) yields (/, iwj) = ((/ - C(0, 1) - a«F(0, 1, Q))u, iwj) = {u, {A + B)wj) = 0. 

Finally we show that {/ G C„ : (/,Awi) = (/,Aw2) = 0} C im Lq : Because of Lemma 
2.2 (i) there exist uniquely defined functions Vi, V2 € such that 

(I - C(0, l))vk = Dv^, k^l,2. (3.10) 

Moreover, these functions satisfy the boundary conditions (3.4). Therefore, 

(vk, ^wi) = (Avk, wi) = (vk, wi) = 6ki (3.11) 

and, hence, dim{/ e C„ : (/, Awi) = (/, AW2) = 0} > 2. But imLo is a closed subspace of 
codimension two in C„ because of Lemma 2.2, therefore the claim follows. □ 

3.2 Projectors and splitting of (2.11) 

Lemma 3.2 and (3.11) imply that the linear bounded operator P : Cn ^ Cn, which is defined 

by 

2 

Pii:= J](ii,iwk)vk (3.12) 

k=l 

is a projection with kerP = imLo, where the functions Vk are implicitly defined in (3.10). 
Similarly, the linear bounded operator Q : Cn ^ C„, which is defined by 

2 

:= ^(m, Wk)vk (3.13) 

k=l 

is a projection with im Q = kcr Lq. 

Now we are going to solve the equation (2.11) by means of the ansatz 

u — V + w, V & ker Lq = im Q, w & ker Q. 

In other words, we have to solve a coupled system consisting of the finite dimensional equation 

P{{I -C{X,uj)){v + w) - F{X,uj,v + w)) ^0 (3.14) 

and the infinite dimensional equation 

{I - P){{I - C{X,uj)){v + w) - F{X,uj,v + w)) = 0. (3.15) 
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3.3 Local solution of (3.15) 

In this subsection we will solve (3.15) locally with respect to w ~ for parameters a; ~ 1, 
A ~ 0, and v ^ 0. Unfortunately, the classical implicit function theorem cannot be used for 
that purpose because the left-hand side of (3.15) is not C^-smooth. More exactly, the map 
(A,cj) G I— 7- {I — P){I — C{X,u) — duF{X,uj,0)) G C{Cn) is not continuous. The reason is 
that for operators of "shift type" like {Sru){x,t) := u{x,t + T) the map r G M i-^ ^i- G C{Cn) 
is not continuous (with respect to the operator norm in >C(C„)). 

There exist several generalizations of the implicit function theorem in which the map 
"control parameter i-)- linearization with respect to the state parameter" is allowed to be 
discontinuous with respect to the operator norm, see, e.g., [5, Theorem 7], [43, Theorem 2.1]. 
However, it turns out that they do not fit to our problem, so we are going to adapt ideas of 
[34] and [41, Theorem 2.1]. 

Lemma 3.3 There exist S2 G (0,(5i) and C2 > such that for all A G [— (^2,(^2]; u; G [1 — 
S2, 1 + ^2] (ind u G Cn with ||m||oo ^ ^2 it holds 

\\{I — P){I — C{\,u) — duF{\,u,u))w\\^ > C2||'u;||oo for all w G kerQ. 

Proof. Suppose the contrary. Then there exist sequences A^, A^, . . . G M with A** — )■ 0; 
cj^, cu^, . . . G M with oj^ 1; u^, u"^, . . . E Cn with ||m''||oo and w^, w^, . . . G ker Q with 

IhlU = 1 (3.16) 

and 

11(7 _ p)(7 _ C(A^a;'•) - 9„F(A^ a;^ ii'^))«;'^|U ^ 0. (3.17) 
In a first step we show that 

II (/ -P){I- C(A^a;'■) - a„F(A^a;^ 0))w'\\oo ^ 0, (3.18) 

i.e., without loss of generality we can assume — — . . . — 0. Indeed, because of (2.14) 
we have \\{duF{X^ ,00'^ ,u^) —duF{X',uj^,0))w^\\oo < const||M''||oo, where the constant does not 
depend on r. Hence, the assumptions ||'w''||oo ~^ and (3.17) yield (3.18). 
In a second step we show that 

(C(A^ u"^) - C(0, 1)) + (duFiX"-, 0) - 9„F(0, 1, 0)) w'' ^ in C„. (3.19) 

Indeed, denote by tj{^,x, •, A,a;) the inverse function to the function Tj{^,x, •, A,a;), i.e., 

tj{^,x,T,X,uj) = T-UJ [ —p-rz 
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(cf. (2.3)). Take a test function (p e Cl_. Then we have 

n27r 
Cj{xj,x, X^)wl.{xj, Tj{xj, X, t, y , uj'^)))(pj{x, t)dtdx 

— / / Cj{xj,x,Q)'wl.{xj,Tj{xj,x,t,Q,l))Lpj{x,t)dtdx 
Jo Jo 

Cj{Xj,X, X^)ipj{x, tj{Xj, X, T, A*", U}^))wl.{Xj, T)dTdx 

Cj{xj, x, 0)ipj{x, tj{xj, X, r, 0, l))wl{xj, T)dTdx, 

_ 

and this tends to zero for r — >■ oo. So we get ((C(A^, u'^) — C(0, 1)) w'^ , (p) — >■ 0. Similarly we 
have 

' ^-a„J,(e,A^«'■(e,r,(e,x,^,A^^^))X((e,r,(e,x,^,A^^'■) 




'0 Jx 



V o.jii.y) 

9(^,x,0) 



^« 0, u\^, Tj{^, X, t, 0, !)))({, Tj{^, X, t, 0, 1) ) ^j{x, t)dtd^dx 

Cj{^,x,y 



%(^,o) 

I f ■{ 'I- A. \ 

III \ (c \r\ 9uJj{^,y,u'^{^,r))ipj{x,tj{^,x,T,X',uj'^)) 

Jo Jxj Jo \ "jVS> ) 



%(e,o) 



duJM, 0, vr{i, T))(pj{x, tj{C, X, r, 0, 1)) wl{x, T)dTd^dx, 



and this tends to zero for r — >■ oo. Therefore, {{duF (X^ , u'^ , u^) — 9„F(0, l,0))w^,</?) tends 
to zero. 

In a third step we show that without loss of generality we can assume that 

w'' ^ in Cn- (3.20) 

Indeed, because of dimimP < oo there exist g* G imP and a subsequence of w^,w'^,... 
(which will be denoted by w^, w"^, . . . again) such that 

P (/ - C(0, 1) - duF{0, 1, 0)) ^ g*. (3.21) 

On the other hand, (3.18) and (3.19) imply that 

(/ - P) (/ - C(0, 1) - duF{Q, 1, 0)) - in Cn. (3.22) 

But (3.21) and (3.22) imply 

(/ - C(0, 1) - duF{0, 1, 0)) w"- - g* in C„. (3.23) 
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Therefore, it follows (cf. Lemma 2.2 (i)) 

c^o, l))-'d^F{0, 1, 0))w' - (/ - C(0, l))-y in Cn (3.24) 

and 

duF{Q, 1, 0))^'- - duF{0, 1, 0))(/ - C(0, l))-'duF{0, 1, 0))w' 

- a„F(0, 1, 0))(/ - C(0, l))-y in Cn. (3.25) 

In [26, formula (4.2)] we showed that a„F(0, 1, 0))(/-C(0, l))-^duF{0, 1, 0)) is a compact 
operator from C„ into C„. Therefore, because of assumption (3.16) without loss of generality 
we can assume that 9„F(0, 1, 0))(/ — C(0, 1))~^(9„F(0, 1, 0))w^ converges strongly in C„. 
Hence, (3.25) yields that duF{0, 1, 0))w'^ converges weakly in Cm and, therefore, (3.24) yields 
that w'^ converges weakly in C„, i.e., w'^ ^ w* e kerQ. Inserting this into (3.23) we get 

iI-C{0,l)-d^F{0,l,0))w* = g*, 

i.e., g* G ker P fl imP, i.e., g* = 0. Therefore, w* G ker Q H imQ, i.e., w* = 0. 

In a fourth step we mention that assumption (3.16) contradicts to (3.20) if we would 
know that 

the set {w^ : r G N} is precompact in C„. (3.26) 

Hence, it remains to show (3.26). 

In a fifth step we show that for (3.26) it is sufficient to prove that 

the set |((/-C(A^cu^))-^a„P(A^c<j",0))^w" : r G n} is precompact in C„. (3.27) 

Indeed, denote g'' := (/ - C{X'',uj'') - a„P(A^ cu^ 0))w^ Because of (3.18) and (3.21) we 
have lls'^'lloo 0. Hence, Lemma 2.2 (i) yields 

||(/ - C{y\un)-\duF{y,co\0){I - C(A^a;'■))-V + /)|U ^ 0. 

Here we used that the operators duF{y, uf ^ 0) are uniformly bounded with respect to r in 
the uniform operator norm (cf. (2.14)), i.e., 

||9„P(A^a;^0)|U(c„)< const. (3.28) 

On the other hand, we have 

= (7 - C(A^ a;0)-' (5ni^(A^ a;^ 0)^;'^ + /) 

= (7 - C(A^ u')Y^ {duF{\\ u\ 0) (7 - C(A^ uj')r\duF{\\ a;^ ^)w' + /) + /) . 
Hence - {{1 - C{X'\u:^))-^duF{\\u:\^)f w''^^ ^ ^. 
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In a sixth step we show that for (3.27) it is sufficient to prove that the operators 
duF{y , cu'^, 0)^ and duF{X^, uf , ^)C{X'' . uj''^ map C„ continuously into C\ and that the corre- 
sponding operator norms are uniformly bounded with respect to r: 

\\duF{\\uj\^f\\cic^,ci) + \\duF{\\uj\^)C{\\u^)\\cic^,ci) < const. (3.29) 

Indeed, if (3.29) is true, then the sequence duF{y ,0)'^w^ is bounded in C^. Hence, 
Lemma 2.2 (i) yields that the sequence (/ — C{X^,uj'^))~^duF{X^,u!^, 0)^w'' is bounded in C^. 
Similarly, because of Lemma 2.2 (i) and (3.28) the sequence {I—C{X^,uj^))~^duF{X^,uj^, 0)w'^ 
is bounded in C„. Hence, if (3.29) is true, then the sequence 

(/ - C{X\ uj'))-^duF{X', uj\ 0)C{X\ uj''){I - C{X\ ij^))-^duF{X\ oj\ 0)w" 

is bounded in C^. Therefore, the sequence 

(/ - C(A^ a;'"))"^9„F(A^ uj\ 0)(/ - C(A^ uj''))-^d^F{X\ uf , 0)w'" 
= (/ - C{\\ uj''))-^d^F[y, a;^ 0) W 

+(/ - C{X'\ u''))-^duF{X'\ co\ 0)C(A^ u''){I - C(A^ to''))-'duF{X' ,u'' , 0)w' 

is bounded in C^. Hence, the Arcela-Ascoli theorem yields (3.27). 

In a seventh step wc show that the operators duF{X^' ,0)"^ really map Cn continuously 
into and that the corresponding operator norms are uniformly bounded with respect to 
r, i.e., that 

||a,a„F(A^ ^^ Qfu\\^ + \\dtd^F{X\ uj\ Qfu\\^ < const||M||oo for all u e (3.30) 
Indeed, because of (2.15) we have for all u E 

dAF{X\u\Q)u = G^u + H'dtu, , . 

dtduF{x\u\Q)u = d^F{x\u\Q)d,u, > 

where the linear bounded operators G^,H^ : Cn ^ Cn are defined by :— duF^ [X^ , oj'^ , 0) 
and H"- := F[{X%uj\0). Therefore, 

dtduF{X', a;^ 0)^1^ = a„F(A^ a;^ Ofdtu, 

d^duF{X, uj\ ^fu = G''duF{X\ uf , + E''d^F{X\ u\ ^)dtu. 



hence. 



||9Ai^(A^^^^0)^^|U + ||9,9„F(A^a;^0)^^|U 

< const(||ii||oo + ||9„F(A^^^^0)'9t^^||oo + ||//"9„F(A^a;^0)9t^^||oo). 
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Here we used (3.28) and the fact that the operators C and are uniformly bounded with 
respect to r in the uniform operator norm. Hence, in order to prove (3.30) we have to show 
that 

\\duF{X',uj',Ofdtu\\^ + \\H'duF{X',uj',0)dtu\\^ < const||ii||oo for all u e (3.32) 
Let us start with 9uF(A'', a;*", 0)^9tM. Because of (2.21) we have 
{d^F{\\uj\Qfdtu)j{x,t) 

with 

Inserting (3.34) into (3.33) we get the integrals 

d]ki{^, V, x)dtui(r], Tkiv, ^, x, t, A'', u''), A'', u''))d^dr] (3.35) 





with j ^ k and I ^ k and 

a,(e,AOa.(77,AO 

Moreover, from (2.3) it follows 

^MV, niri, ^, r,(^, X, t, y\ u'), y, u')) 



— u 



]dtUi{r],Tk{r],i,Tj{i,x,t,X\uj''),X\uj'')). (3.36) 



.%(e,A'-) ak{,^,X-)J 
By (3.36) and assumption (1.6), the right-hand side of (3.35) equals 



'0 Jt) 



TT^^^'jkiit V: x)—ui{r], TkiV: t Tj(^, X, t, X\ u''), X\ uj''))didr]. 
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Integrating by parts in the inner integral (with respect to we see that the absolute values 
of these integrals can be estimated by a constant times ||ii||oo, where the constant does not 

depend on x, t, r, and u. 

Now, let us consider H^duF{X^ ,uj^ ,0)dtU. We have 

(H''a„F(A',u)',o)a,t.),(i,«) 

with (3.34). Proceeding as above one shows that these integrals can be estimated by a 
constant times ||m||oo; where the constant does not depend on x, t, r, and u. 

Finally, in the last step we show that the operators 9„F(A'', a;'', 0)C(A'', a;'') really map 
Cji contimiously into C}^ and that the corresponding operator norms are uniformly bounded 
with respect to r. Indeed, because of dtC{y ,u'^)u — C{y ,ijj'^)dtu (cf. (2.15)) and of (3.31) 
we have for all u E that 

9AF(A^a;^0)C(A^a;'■)M = G'C{y ,uj'')u + H'C{X' ,uj')dtu, 
aAi^(A^w^O)C(A^^^'■)^^ = a„F(A^a;^0)C(A^^^'")at^^. 

It remains to show that 

\\H''C{y,uj'')dtu\\^ + \\duF{y',u'',0)C\y,u'')dtu\\oo < const ||m||oo for all u e 
Because of (2.9) and (2.21) we have 

m n n m 

(a.F(A^^^o)c(A^^w,(^,^) = E E fUM+ E Y.fU^^^) 

k=l i=m+l fc=m+l 1=1 

k^j k^j 

with 

/ T^i^Tx OtUi[Xk,Tk[Xk,i,Tj[i,x,t,X ),A ))di. 

Using (3.36) and assumption (1.6), one can integrate by parts in this integral in order to 
see that the absolute values of these integrals can be estimated by a constant times HmUdc- 
where the constant does not depend on x, t, r, and u. □ 

Now we are well-prepared for solving (3.15) locally with respect to w by an implicit- 
function-theorem-type argument. 
For 5 > we denote 

B5 := {v eCr,: \\v\\^ < 6]. 
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Lemma 3.4 (i) There exists 5z G (0, ^2) such that for all A e [— ^3, ^s], a; G [1— ^3, 1+^3], and 
V G nimQ t/iere exists exactly one solution w = w{X, u, v) to (3.15) with w G Bs,^ flker Q. 

(a) There exists C3 > such that for all X G [— 53,^3], a; G [1—53,1+53], andv G BssHimQ 
it holds 

\\w{X,u,v)\\^ < C3||t;||^. 
(Hi) The map (A, cu, v) G [—S3, 63] x [1 — ^3, 1 + ^3] x {Bs^ HimQ) w{X, uj, v) G C„ is 

(^if^ For all X G [—(^3, ^3] andui G [1 — ^3, 1+53] the maps v G B^gnimQ ^ w{X, ou, v) G C„ 
are C°° -smooth. 

Proof. Consider the map : [—5q,5q] x R x im Q x ker Q ker P defined by 

T{X,uj,v,w) := {I - P){{I - C{X,uj)){v + w) - F{X,uj,v + w)). (3.37) 

Obviously, the map has properties analogous to (2.12)-(2.14), in particular, it is continu- 
ous, 

/■(A, a;, •, •) is C°°-smooth (3.38) 

and 

(A, u) G [—53, 53] x M I-)- dyjJ^{X, u, V, w)wi G Cn is continuous (3.39) 

for all V E imQ and w,wi G kerQ. Because of Lemma 2.2 (ii) and Lemma 3.3, for all 
A G [— ^2, ^2] and // G [1 — ^2, 1 + ^2] the operator 

d^J^iX, UJ, 0, 0) = (/ - P) (/ - C{X, Lo) - d^F(X, UJ, 0)) 

is an injective Fredholm operator from ker Q into ker P. Its index is zero because the index 
of I — P (as an operator from C„ into ker P) is —2, the index of / — C (A, a;) — duF{X, uj, 0) (as 
an operator from Cn into Cn) is zero, and the index of the embedding w G kerQ 1-^ w G C„ 
is 2. Hence, dwT{X,uj, 0, 0) is an isomorphism from kerQ onto ker P, and Lemma 3.3 yields 
that for all A G [— ^2, ^2] and a; G [1 — ^2, 1 + ^2] it holds 

\\d^J^{X,UJ,0,Oy^\\c(kerP;kerQ) < 02- (3.40) 

Furthermore, 

(A, u) G [-^3, 53] x M iH- dujJ^{X, u, 0, ^)~^w G Cn is continuous for all w G ker Q. (3.41) 
Indeed, on the account of (3.39) and (3.40), we get that 

(a^j^(A, UJ, 0, 0)-^ - a^j^(A°, uj^, 0, 0)-^) w 

= dy,F{X, UJ, 0, 0)-^ (a^J^(A°, cu°, 0, 0) - dy,J^{X, uj, 0, 0)) 9^ J'(A°, 0, 0)"^^; 
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tends to zero for (A,a;) — )■ (A°,a;°). 

We have to solve (3.15), i.e., u, v, w) ~ 0. For A G [—62, S2] and to e [1 — 62,! + S2] 
this is equivalent to the fixed point problem 

^(A, CO, V, w) :— w — du,J-{X, ou, 0, 0)~^J^(A, uu, v, w) — w. (3.42) 

Moreover, it holds 

Q{X,oj,v,w^) — Q{X,uj,v,w'^) = / dyjQ{X,uj,v,sw^ + {1 — s)w'^){wi — W2)ds 

Jo 

= dyjJ^{X, uj, 0, 0)~^ / (^dyjJ^{X, uj, 0, 0) — dyjJ^{X, CO, v, sw^ + (1 — •s)'"^^)) {w^ — w^)ds, 
Jo 

where 

((9^-F(A, u, V, sw^ + (1 ~ s)w^) — 9^J^(A, u, 0, 0)) {w^ — iv^) 

= {I-P) {duF{X, uj,v + sw^ + (1 - s)w'^) - d^F{X, uj, 0)) {w^ - w^) 

= (7 - P) / dlF{X, UJ, r{v + sw^ + (1 - s)w'^)){v + sw^ + (1 - s)w^, - w^)dr. 
Jo 

Hence, (2.14) and (3.40) yield that there exists ^3 G (0,^2) such that for all A G [— ^3,^3], 
a; e [1 — ^3, 1 + ^3], and v e Bs^ n im Q we have 

X 

\\G{X,uj,v, w^) — Q{X,uj,v, u'^)||oo < -\\w^ — w'^Woo ior aR , & Bs^ n ker Q. 

In other words: For those A, uj, and v the map ^(A, uj, v, ■) is strictly contractive on 23^3 Piker Q. 
In order to apply Banach's fixed point theorem we have to show that ^(A,^;,^;, •) maps 
Bs^ n ker Q into itself if ^3 is chosen sufficiently small. 

Using (3.40) again, for all A e [—S3, 5s], u e [1 — 83, 1 + S3], and v e Bs^ fl imQ we get 

\\Q{X,uj,v,w)\\^ < ||^(A,a;,^;,t(;) - ^(A,a;,v,0)||oo+ ||^(A,a;,v,0)||oo 

< ^||w||oo + C2||J^(A,u;,i;,0)||oo for all w e nkerQ. (3.43) 

Moreover, because of f e ker Lq it holds 

T{X,uj,v,0) = {I - P){{I - C{X,uj))v - F{X,uj,v)) 

^ {I - P){duF{X,u,0)v- F{X,uj,v)) = {I - P) [ sdlF{X,uj,sv){v,v)ds. 

Jo 

Hence, (2.14) yields that there exists C3 > such that for all A e [—S3, ^3] , u; e [1 — ^3, 1 + ^3] , 
and V e Bss fl im Q we have 

\\T{X,uj,v,Q)\\^<^Ml, (3.44) 
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and, because of (3.43), it follows that Q{X,uj,v,w) e Bs^ fl imQ for all w e Bs^ fl imQ if 

^3 < I/C3. 

Now, Banach's fixed point theorem gives a unique in Bs^ flkerQ solution w = w{X,u,v) 
to (3.42) for all A G [— ^3, S3], cu E [1 — ^3, 1 + ^3], and v G Bs^ flimQ. Hence, assertion (i) of 
the lemma is proved. 

Moreover, (3.43) and (3.44) yield assertion (ii). 

Assertion (iii) follows from the uniform contraction principle (cf. [7, Theorem 1.244]): 
First note that the contraction constant of Q{\,uj,v, ■) does not depend on {\,uj,v). More- 
over, for all A, A° G [52,^2], G [1 - ^2, 1 + ^2], v,v^ G BsHimQ, and w, w° G BsHkeiQ 
the difference 

^(A,cj,?;,w) -6;(A°,cj°,t;°,tt;°) 

= w-w^- d^J^iX, 00, 0, 0)-^ (J^(A, 00, V, w) - J^(A°, v^, w°)) 
+ (a^J^(A°, a;°, 0, 0)-^ - d^T{X, cu, 0, 0)"^) J^(A°, w°), 

tends to zero in Cn for {X,uj,v,w) — >■ (A°, 1)°, w^) because of the continuity of J-", (3.40), 
and (3.41). Hence, Q is continuous. 

Finally, assertion (iv) follows from the classical implicit function theorem. □ 

3.4 Smoothness with respect to x and t 

The aim of this subsection is to prove the following result: 

Lemma 3.5 For all X G [—53, ^3], a; G [1 — ^3, 1 + ^3], and v G Bs^ fl imQ the map 

{x, t) G [0, 1] X M ^ [w{X, uj, v)] {x, t) G 

is C°° -smooth. 

Proof. For (/? G M and u G C„ we define S^u G C„ by [S^u]{x,t) := u{x,t + (p). Take 
A G [—63, ^3], a; G [1 — S3, 1 + S3], and v G Bs^ fl imQ. It is easy to see that for all u e Cn it 
holds 

S^C{X,uj)u = C{X,uj)S^u, S^F{X,uj,u) = F{X,uj,S^u). 

Moreover, the definitions (3.6), (3.10), and (3.12) imply that for all G C„ it holds 

2 2 
PS^u = J]](S'^'u, Awk)vk = 5Z(ii,^'S'_<^Wk)vk 

fc=l k=l 

— {u, A(cos (/9Wi — sin V5W2)) Vi + (-u, A(cos Lpw2 + sin 95Wi))v2 

= {u, Awi) (cos (/3Vi + sin <^V2) + (m, /IW2) (cos <^V2 — sin (pvi) 

= S^Pu. (3.45) 
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Similarly one shows QS^u — S^pQu. Hence, applying to the identity 

{I - P){{I - C{\i^)){v + w{\uj,v)) - F{\u,v + w{X,uj,v))) = 0, (3.46) 

we get {I-P){{I-C{\,u)){S^v+S^w{X,u,v))-F{X,uj,S^v+S^w{X,uj,v))) = 0. Therefore, 
the uniqueness assertion of Lemma 3.4 yields 

Sy,w{X,uj,v) = w{X,u, Sy^v). (3.47) 

But all functions v G ker Lq = im Q are C°°-smooth, hence the maps <y9 G IK I — y StpV G are 
C°°-smooth for all v & imQ. By Lemma 3.4 (iv), e M S^w{X,u!,v) e C„ is C°°-smooth, 
i.e., 

teR^ w{X,uj,v){x,t) e W is C°°-smooth. (3.48) 
On the other hand, (3.46) can be rewritten as follows: 

(/ — C(A, u))w{X, u, v) — F{X, u,v + tv{X, u, v)) 
= {C{X,u) - I)v + P {{I - C{X,u)){v + w{X,u,v)) - F{X,u,v + w{X,u,v))) . (3.49) 

The right-hand side of (3.49) is C°°-smooth with respect to {x,t). Moreover, from (2.9), 
(2.10), and (3.48) it follows that C{X,uj)w{X,uj,v) and F{X,u,v + w{\u,v)) are C~- 
smooth with respect to (x, t). Hence, (3.49) yields that w{X, uj, v) is C°°-smooth with respect 
to {x,t). □ 



3.5 Differentiability with respect to A and ui 

In this subsection we show that the map w is C^-smooth. For that we use the well-known 
fact (see, e.g. [7, Section 1.1L3]) that the fiber contraction principle can be used to show 
that functions, which are fixed points of certain operators in C-spaces, are smooth. 

Remark that in the particular case, when all coefficient functions aj {x, X) are A- indepen- 
dent (and, hence, the problem (1. !)-(!. 3) depends on the bifurcation parameter A via the 
terms bjk{x,X,u) only), the maps A i-> w{X,uj,v) are C°°-smooth because in this case the 
characteristics Tj{$,,x,t, X,u) do not depend on A and, hence, the maps A C{X,uj) and 
A I— )■ F{X,uj,u) are C°°-smooth (cf. (2.9) and (2.10)). But also in this case the question if 
the maps cu w{X,u!,v) are differentiable, remains to be difficult. 

Lemma 3.6 The map 

(A, UJ, v) e [-^3, 53] X [1-63,1 + 63] X {Bs3 n im Q) H^- w{X, co, v) e C„ 
is C'^ -smooth. 
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Proof. For A; = 0, 1, 2, ... we define maps Wk : [—S3, 63] x [1 — ^3, 1 + ^3] x {833 fl im Q) 
ker Q by means of 

Wq :— 0, u'fc+i(A, CO, v) :— Wk{X, u, v) — du,T{X, co, 0, 0)'"''"J^(A, co, v, Wk{X, co, v)). (3.50) 

As it follows from the proof of Lemma 3.4, 

Wk{X,uj,v) w{X,uj,v) in Cn for /c — )■ 00 uniformly with respect to X,uj,v. (3.51) 

Now we are going to show that all functions Wi, W2, . . . are C^-smooth and that the sequences 
of all their partial derivatives up to the second order converge in C„ uniformly with respect 
to X,UJ, and v. Then the classical theorem of calculus [11, Theorem 8.6.3] yields that w is 
C^-smooth (and, hence, the lemma is proved). Here and in what follows we identify the two- 
dimensional vector space imQ with (by fixing a certain basis in imQ), and the partial 
derivatives arc taken with respect to the corresponding coordinates. 
For / = 1, 2, ... we denote 

:= {ueCn-. diu e Cn for J = 1, 2, ... , I}. 

This is a Banach space with the norm 

■= ^ ||<9tM||oo- 
j=0 

In a first step we show (by induction with respect to k) that for all A e [—53,53], ou e 
[1 — 83,1 + 6s], V G n im Q, and k,l = 1,2, . . . the function Wk{X, u, v) belongs to C^, and 
Wk(X,u,v) depends continuously (with respect to the norm in Q) on A, cu, and v. 

For A; = this claim is obvious. 

To do the induction step we proceed as in the proof of Lemma 3.5. For all 93 G M we 
have 

S^Wk+i{X,uj,v) = S^Wk{X,uj,v) - dwJ^{X,u,0,0)~^J^{X,u,v,S^Wk{X,u,v)). (3.52) 

By induction assumption the map (/? G M 1— )■ S^pWk{X,u,v) G C„ is C°°-smooth, and all its 
derivatives depend continuously (with respect to || ■ ||oo) on A, cu, and v. Hence, by (3.38) and 
(3.41), the right-hand side of (3.52) is C°°-smooth with respect to ip, and all its derivatives 
with respect to (p depend continuously (with respect to || • ||oo) on A, ou, and v. Therefore, 
also the left-hand side of (3.52) has this property, i.e., all partial derivatives dlwk+i{X,oj,v) 
exist in C„ and depend continuously (with respect to || ■ ||oo) on A, u, and v. 

In a second step we show that the sequence dtWk{X,uj,v), k = 1,2, . . . , converges in C„ 
uniformly with respect to A, cu, and v. Indeed, from (2.15) and (3.45) (which implies that 
dtPu — PdfU for all u G C^) it follows that for all w e C^n ker Q we have 

dtJ-'{X, uj, V, w) = dyjJ^{X, uj, V, w)dtw + dyJ^{X, uj, v, w)dtv. (3.53) 
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Hence, 



dtWk+i{\,uj,v) 

(/ - dy,J^{\ 0, 0)"^9^ J'(A, V, Wk{\, uj, v))) dtWk{X, uj, v) 
—dwJ^{X, CO, 0, 0)~^dvT{X, uj, V, Wk{\, to, v))dtv. 



But (3.51) implies 

dy,T{X, CO, 0, 0)~^dvJ-{X, CO, V, Wk{X, cu, v))dtv du,J-{X, cu, 0, 0)~^dvJ-'{X, cu, v, w{X, cu, v))dtv 

in Cn for /c — )■ oo uniformly with respect to A, a;, and v. Moreover, from the proof of Lemma 
3.4 it follows that 



for large k. Hence, Lemma A.l yields the claim of the second step. Here we apply Lemma A.l 
with U chosen as the Banach space of all continuous maps u : [— ^s, ^3] x [1 — ^3, 1 + 5^] x 
{Bs^ n im Q) — >■ ker Q with the usual maximum norm. 

In a third step we show (again by induction with respect to k) that the partial derivatives 
of Wfe(A, with respect to the two components of v exist in Cn and depend continuously 
(with respect to the norm || ■ ||oo in Cn) on A, w, and v. Indeed, by induction assumption 
dvjWk{X,uj,v) exists in C„. Hence, the partial derivative with respect to Vj of Wfc+i(A,a;, ■) = 
Wk{X, UJ, •) — dwJ-{X, UJ, 0, 0)~-'^J^(A, UJ, -, Wk{X, uj, •)) exists in C„. Here we used (3.38) again. 

Similarly one shows that all partial derivatives of the type d\d!^.Wk{X,u,v) exist in C„ 
and depend continuously (with respect to the norm in C„) on A, u, and v. 

In a fourth step we show that the partial derivatives Wk{X,u,v) converge in Cn for 
k ^ 00 uniformly with respect to A, a;, and v. This follows, as above, from 



and Lemma A.l. 

In a fifth step we use step one and show by induction with respect to k that the partial 
derivatives dxWk{X, uj, v) exist, belong to C„ and depend continuously (with respect to || • ||oo) 
on A, u, and v: 

For k — Q the claim is obvious. 

In order to do the induction step, first let us do some preliminary calculations. It follows 
directly from the definitions (2.9) and (2.10) that for all G M and u G C}^ the maps 
A G [— 5o)^o] ^ C{X,uj)u G Cn and A G [— 5o,(5o] 1— )■ F{X,uj,u) G C„ are differentiable and 



I - dy,F{X, U, 0, 0) '^dy,F{X, U, V, WkiX, U, v)) ||£(kerQ) < 



dy.Wk+i{X,u:,v) 

= (/ - d^J^{X,u,Q,Q)~^d^J^{X,u,v,Wk{X,uj,v))) d^.Wk{X,u,v) 
-dyjJ^{X, UJ, 0, Q)~'^dy.J^{X, UJ, V, Wk{X, UJ, v)) 



d\C{X, u)u 
dxF{X,uj,u) 



C^{X,u)u + C^{X,u)dtU, 
Fo\X,uj,u) + F^\X,uj,u)dtU, 



(3.54) 
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where the operators Cq (A, u), (A, u) e jC{Cn) are defined as follows: For j = 1, . . . , m we 
set 



k=m+l 

n 

{C^{X,uj)v) {x,t) := dxTj{Q,x,t,X,uj)cj{Q,x,X) ^ rjkVk{0,Tj{Q, x,t, X,uj)), 



k=m+l 

and for J = m + 1, . . . , n we set 



{CQ{X,uj)u).{x,t) := aACj(l,x, A) J^rjfcMfc(l,rj(l,x,i, A,a;)), 

k=l 

m 

{C^{X,ijj)v). {x,t) := dxTj{l,x,t,X,uj)cj{l,x,X)^rjkVk{l,rj{l,x,t,X,uj)). 

k=l 

Further, the map : [Sq, Sq] x M x C„ ^ Cn is defined by 

{F,\X,uj,u))j{x,t) := ^'^a,(^^^^^/,(e,A,«(e,r,(e,a;,t,A,a;))K 

and Ff(A,a;,'u) G is defined by 

{F^{X,uj,u)v)j{x,t) := 

r ^ o^J,{i, X, u{i, r,(e, X, t, X, u)))v,{^, r,(^, x, t, X, 



fe=l 



Hence, for all a; e M, v e im Q, and w G Canker Q the map A G [— ^o] -^(A, w) G C„ 
is differentiable and its derivative is 

dxJ'iX^uj^v^w) = -{I - P){C^{X,u)(y + w) + F^{X,uj,v + w) 

+(Ci^(A, u) + Fi^(A, c^, ^; + + dtw)) . (3.55) 

Remark that the map F : [— 5o,^o] x R x imQ x kerQ — >■ kerP defined in (3.37) is not 
differentiable (with respect to the norm || • ||oo in kerP and kerQ), in general. But its 

restriction to [— 5o)^o] x M x imQ x (C^ flkerQ) is differentiable (with respect to the norms 
II ■ ||oo in ker P and || ■ ||i in kerQ). Therefore, the notation d\J^ should be used with care: It 
is not the partial derivative of J-", but of its restriction to [— 5o, ^o] x R x im Q x (C^ n ker Q). 
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In particular, it is a map from [—Sq, Sq] x M. x imQ x (C^ fl ker Q) into Cn- The same care is 
needed if using the notations dxC{\,uj)u and d\F{\,uj,u). 

Now let us do the induction step. By the induction assumption, for a fixed k the partial 
derivative dxWk{X,u},v) exists in C„ and depends continuously on A, u, and v. Define 

Rk{X, uj, v) := dyjJ^{X, uj, 0, 0)wk{X, co, v) - F{\ co, v, Wk{X, co, v)). 

Because of Wk{X,uj,v) G C}^ the partial derivative dxRk{X,uj,v) exists in Cn and depends 
continuously on A, ou, and v. In fact, it holds 

dxRk{X, UJ, v) = dxd„T{X, uj, 0, 0)wk{X, uj, v) + dyjF{X, uj, 0, 0)dxWk{X, uj, v) 
-dxJ^{X, UJ, V, Wk{X, UJ, v)) - dyjJ^{X, uj, v, Wk{X, uj, v))dxWk{X, uj, v). 

Here dxdwJ^{X,uj, 0,0) G C{C^ H kei Q;Cn) is the derivative of the map A G [— 5, 5o] ^ 
dyjT{X, UJ, 0, 0) G C{Cn n ker Q; Cn) or, the same, the derivative of the map w G fl ker Q i-> 
dxT{X,uj,0,w) e Cn dit w — 0, i.e. (cf. (3.55)), 

dxd^J^iX, UJ, 0, 0)w ={P-I) {{C^{X, uj) + d^F^\X, uj, 0))w + {C^{X, uj) + F,\X, u, 0))dtw) . 

It is easy to check (using the definitions of Cq, C^, Fq, and F^) that for all w G fl ker Q 
it holds 

(A, u) G [—6s, ^s] X M !->■ dxdu,J^{X, uj, 0, 0)w G C„ is continuous, (3.56) 
and that for all A G [Sq, Sq], u e M, and w G fl ker Q it holds 

\\dxdwJ^{X, UJ, 0, 0)w\\oo < const \\w\\i, (3.57) 

where the constant does not depend on w, X, and uj (as long as uj varies in a bounded 
interval) . 
We have 

dyjF{X, UJ, 0, 0)wfc+i(A, UJ, v) = Rk{X, uj, v). (3.58) 

The induction claim, we have to prove, is that the partial derivative dxWk+i{X,u,v) exists 
in Cn and depends continuously on A, uj, and v. The candidate for dxWk+i{X,uj,v) is 

dwJ='{X,uj,0,0)~^ {dxRk{X,uj,v) - dwdxJ^{X,uj,0,0)wk+i{X,u,v)) . 

This candidate depends continuously on A, uj, and v because of (3.41) and (3.56). In or- 
der to show that this candidate is really dxWk+i{X,uj,v) we denote, for the sake of short- 
ness, Wk{X) := Wk{X,uj,v), -Rfc(A) := Rk{X,uj,v), dyjJ^{X) := dyjJ^{X,u,0,0), dxdyjJ^{X) := 
dxdwJ^{X, UJ, 0, 0) and calculate 

du,T{X + n) (wfc+i(A + At) - Wk+i{X) - iidyjJ^{X)'^ (dxRkiX) - dxdyjJ'{X)wk+i{X))) 
= RkiX + /i) - RkiX) - fid^TiX + i2)d^TiX)-^dxRkiX) 
- {dwJ^{X + n) - dwJ^{X) - ndyjJ^{X + ii)dyjJ^{X)~^dxdwJ^{X)) Wk+i- 
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The right-hand side is o(/x) in Cn for ^ because of (3.39). Hence, the same is true for 
the left-hand side. Now, Lemma 3.3 yields the claim of the fifth step. 

In a sixth step we show that the partial derivatives dxWk{X,uj,v) converge in C„ for 
/c — )■ oo uniformly with respect to A, cu, and v. Indeed, from (3.58) it follows 

dyjT{X, u, 0, 0) {dxWk+i{X, v) - dxWk{X, v))) 
+dy,dxJ^{\, uj, 0, 0) {wk+i{X, uj, v) - Wfc(A, cu, v)) 
= -d^T{X,uj,v,Wk{X,uj,v))dxWk{X,uj,v) - dxJ'{X,uj,v,Wk{X,uj,v)). 

Therefore, dxWk+i{X, u, v) — {I — dyjJ^{X, (jj, 0, 0)~"'^(9^J-'(A, ou, v, Wk{X, cu, v))) dxWk{X, (jj, v) con- 
verges in Cn for /c — >■ oo uniformly with respect to A, uj, and v (here we use (3.55) and the 
claim of step two). Hence, Lemma A.l yields the claim of step six. 

Similarly one shows that all partial derivatives dcjWk{X,U!,v) exist in C„ and converge in 
Cn for A; ^ oo uniformly with respect to A, a;, and v. 

Now we consider partial derivatives of the second order. 

In a seventh step we show that the partial derivatives dfWk{X,uj,v) converge in C„ for 
A; — >■ oo uniformly with respect to X,uj, and v. Prom (3.53) we get 

d^J'i^X, CO, V, w) = du,J'{X, u, V, w)dfw + (9^J^(A, cu, v, w){dtw, dtw) 
+2dydwJ^{X,u!,v,w){dtv,dtw) + d^J^{X,u!,v,w){dtv,dtv) + dyJ^{X,uj,v,w)d1v (3.59) 

for all w G flkerQ. Hence, it follows from (3.58) that the sequence d^Wk+i{X^uj^v) — 
(J — dwJ^{X, u, 0, 0)~^dwJ^{X, u, V, Wk{X, u, v))) d^Wk{X, u, v) converges in C„ for /c — )■ oo uni- 
formly with respect to A,a;, and v, and Lemma A.l yields the claim of step seven. 

Similarly one shows that partial derivatives dtdy.Wk{X, u, v) and dy^dy.Wk{X, u, v) converge 
in Cn for A; — >■ oo uniformly with respect to A, a;, and v. 

In step eight we show that the partial derivatives dtdxWk{X, u, v) exist in C„ and converge 
in Cn for A; ^ oo uniformly with respect to A, a;, and v. We have 

dyjJ^{X, oj, 0, 0) {dtWk+i{X, oj, v) - dtWk{X, oo, v)) 

= -dyJ'{X,uj,v,Wk{X,uj,v))dtV - dyjT{X,uj,v,WkiX,uj,v))dtWk{X,uj,v). (3.60) 

Hence, we can proceed as in steps five and six, replacing (3.50) by (3.60) to get the claim of 
step eight. 

Similarly one shows that all partial derivatives dtdi^Wk{X,uj,v), dy.dxWk{X,uj,v), and 
dy.di^Wk{X,uj,v) exist in Cn and converge in Cn for A; — >■ oo uniformly with respect to A, a;, 
and V. 

In step nine we show (by induction with respect to k and using steps seven and eight) 
that the partial derivatives d1wk{X,u!,v) exist, belong to Cn and depend continuously (with 
respect to || • ||oo) on A, uu, and v: 
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Similarly to step five one can show that the restriction of the map T to [— 5oi 5o] x 1^ x 
imQ X {C\ n kerQ) is twice diffcrcntiablc (with respect to the norm || ■ II2 in C\ H kcrQ). 
We denote the second partial derivative with respect to A of this restriction by d\T ^ i.e., 
d\T is a continuous map from [— 5o;5o] x M x imQ x {C\ n kerQ) into By induction 
assumption the second partial derivative with respect to A of i?^ exists in C„ (because of 
^^(A,^;,^;) e C^). It follows from (3.58) that 

9^J'(A,a;,0,0)9AWfc+i(A,a;,f) = dxRk{K(^,v) - du,dxJ^{X,uj,0,0)wk{X,(x!,v). (3.61) 

Hence, if &lwk+i{X,uj,v) exists in C„, then it holds 

d^J'{\,u,0,0)dlwk+i{\,u,v) = dlRk{\,oj,v) - d^dlJ'{\,u,0,0)wk{X,uj,v) 
-dyjdxJ'{X,u,0,0)dxWk{\,u,v) - dyjdxJ'{X,u,0,0)dxWk+i{X,uj,v). (3.62) 

Here dwdlJ^{X,uj, 0,0) G C{C^ fl kerQ;C„) is the derivative of the map A G [— 5, 5o] 1— )■ 
dxdwJ^{X, u, 0, 0) G £(C,^jnker Q; Cn) or, the same, the derivative of the map w G Canker Q 
dlJ^{X,uj,0,w) G Cn at w = (cf. (3.55)). 

We use the notation Wfc(A), Rk{X), 9^J^(A), (9a(9^J^(A), introduced above, and d\dy,T{X) :~ 
dyjdlT{X,u!,0,0). Because of (3.62) the candidate for dlwk+i{X) is 

d^:F{X)-\dlRk{X) - d^dxH>^)dxWk{X) - d^dxH>^)dxWk+i{X) - d^dl:F{X)wk{X)). 

In order to show that this candidate is really dlwk+i{X) we use (3.61) and calculate 

^^^■(A + 11) dxWk+i{X + 11)- dxWk+i{X) 

-lid^TiXy' {dlRk{X) - d^dxT{X)dxWk{X) - d^dxJ'{X)dxWk+,{X) - d^dlT{X)wk{X)) ] 

- dxRkiX + /.) - dxRkiX) - iid^F{X + ij)d^J'{X)-^dlRu{X) 

- dyjdxT{X + //) - dyjdxJ^{X) - iJ.dwT{X + ij)dy,T{X)~^dy,dlJ^{X) Wk{X) 

- d^dx^iX + ji) {wk{X + n)- WkiX)) - iJid.a,F{X + iJi)d^F{Xy^d^dxJ^{X)dxWk{X) 

- d^F{X + 11)- d^F{X) - ijLdyjJ^{X + n)d^J^{X)~^dxdy,J^{X + /x) Wfc+i(A). 

The right-hand side is o(/i) in C„ for ^ (here we use (3.57)). Hence, the same is true for 
the left-hand side, and Lemma 3.3 yields the claim of step nine. 

In step ten we show that the partial derivatives d\u)k{X, uj . ?') converge in Cn for k — )■ 00 
uniformly with respect to A, a;, and v. It follows from (3.58) that 

dyjJ^{X, u, 0, 0) {dlwk+i{X, u, v) - dlwk{X, u, v)) 
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+2dwdxT{X, u, 0, 0) {dxWk+i{X, u, v) - dxWk{X, u, v)) 
+d^dlT{X, uj, 0, 0) {wk+i{X, u, v) - Wk{X, u, v)) 

= -d^T{X, UJ, V, Wk{X, UJ, v))dflwk{X, uj, v) - 2d^dxT{X, uj, v, Wk{X, uj, v))dxWk{X, uj, v) 
-dlT{X,u,v,Wk{X,u,v)). 

Therefore, dlwk+i{X, uj, v) — {I — dwJ^{X, u, 0, 0)^^dwJ^{X, u, v, Wk{X, uj, v))) dlwk{X, uj, v) con- 
verges in Cn for /c — > oo uniformly with respect to A, uj, and v. Hence, Lemma A.l yields the 
claim of step ten. 

Similarly one shows that the remaining second order partial derivatives d^Wk{X, u, v) and 
du)dxWk{X,uj,v) exist in Cn and converge in C„ for A; ^ oo uniformly with respect to X,u, 
and V. □ 

Remcirk 3.7 In fact the map w is not only -smooth, as it is claimed in Lemma 3.6, hut 
C°° -smooth. In order to prove this rigorously, one has to handle "higher order analogues" 
of formulas like (3.59) and (3.62), which are getting more and more complicated. 

4 The bifurcation equation 

In this section we finish the proof of Theorem 1.2 by inserting the solution w = w{X,uj,v) oi 
the infinite dimensional part (3.15) of the Liapunov- Schmidt system into the finite dimen- 
sional part (3.14) 

P{{I - C{X,uj)){v + w{X,uj,v)) - F{X,uj,v + w{X,u,v))) = (4.1) 

and by solving this so-called bifurcation equation with respect to A ~ and a; ~ 1 for given 
small V 

4.1 Local solution of (4.1) 

Because of Lemma 3.2 the functions Vi = Rev and V2 = Imv constitute a basis in kerLo. 
Hence, the variable v e ker Lq can be represented as 

V = Re(Cv) with C e C. 

Moreover, because of Wi = Rew and W2 = Imw and of the definition (3.12) of the projection 
P we have Pu = for u G C„ if and only if {u. Aw) = 0. Hence, (4.1) is equivalent to the 
one-dimensional complex equation 

$(A,c^,C) = (4.2) 
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with 



{I - C{X, cu)) (Re(Cv) + wiX, cu, Re(Cv))) - F (A, cu, Re(Cv) + w{X, cu, Re(Cv))) , Aw 



Here and in what follows (■,■): x —>■ C is the Hermitian scalar product in C". Remark 
that $(A, w, •) : C — > C is C°°-smooth in the sense of real differentiability, i.e., as a map from 
a two-dimensional real vector space into itself. It follows from (3.47) that 

e^^$(A,c^,C) = $(A,c^,e'^C). (4-3) 

Therefore, it suffices to solve (4.2) for real (. To shorten notation, we will write 

w{X,u!, r) :— 'w{u, A, r Re v) for r e M. 

Moreover, because of ti)(A, cj, 0) = wc have $(A, 0) = for all A and a;. Hence, it suffices 
to solve the so-called reduced or scaled bifurcation equation 

*(A,w,r) = (4.4) 

for small r e R. Here the map ^ is defined by 

{-$(A,a;,r) for r 7^ 0, 
r ^ 
lim -$(A, a;, s) for r = 0, 
s^O S 

which leads to 

^'(A,a;,r)= / d(^<^{X,u,rs) ds 
Jo 

= J (^{I — C{X,uj) — duF (A, (jj, rs Re V -|- w(A, a;, rs))) (Rev -|- drw{X, a;, rs)) , Aw^ ds. 
Because of Lemma 3.4(ii) we have 

drw{X,u;,0)^0. (4.5) 

This together with Lemma 3.2 yields ^(0, 1, 0) = 0. In order to solve (4.4) with respect to A 
and uj close to the solution A = 0,a; = l,r = Oby means of the implicit function theorem 
we have to calculate the partial derivatives (9a\&(0, 1, 0) and ^^^^(0, 1, 0). 

For A ~ denote by z>(A) the eigenvalue close to u = —i of the eigenvalue problem (1.10)- 
(1.11) (which is the complex conjugate to the eigenvalue close to = i of the eigenvalue 
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problem (1.9)), and let w{X) : [0, 1] — >■ C" be the corresponding eigenf unction, normalized 
by (cf. (1.14)) 



n /.I 



Further, define w(A) : [0, 1] x IR ^ C" by w{X){x,t) := w{\){x)e^'\ Then wc have 
w{0) = and, hence, w(0) = w. Because w{\) satisfies the adjoint boundary condi- 
tions (1.11), the function w(A) satisfies the adjoint boundary conditions (3.4). Moreover, 
(/ — C(A, 1) — duF (A, 1, 0)) Rev satisfies the boundary conditions (1.2). Hence, we get from 
Lemma 3.1 that 



(/ - C(A, 1) - d^F (A, 1, 0)) Re v, A{\, l)w(A) 
= {A{X, 1) (/ - C{X, 1) - duF (A, 1, 0)) Re v, w(A)) 
= ((A(A, 1) + B{X)) Rev, w(A)) = (Rev, (a(A, 1) + S(A)) w(A) 
= (Rev, (i + u(X)) w(A)) = ^ - i. 
But {A{0, 1) + B{0)) Re V - (cf. Lemma (3.2)), hence 



9^^(0,1,0) = ^((7-C(A,l)-9„F(A,l,0))Rev,Aw 



A=0 



d 

dX 



(J - C(A, 1) - duF (A, 1, 0)) Rev, i(A, l)w(A) 



A=0 



= {{dxA{0,l) + dxB{0))Rev,w) 

n p\ 



2 5] / [dxajix, Q)v]{x) + J2 du,d,b,ix, 0, 0)vlix) 



w%x)dx. 



In particular, it holds 



Re9A*(0, 1, 0) = Rei/'(0) = q; 



(4.6) 



(cf. (1.15)). Similarly we have 

a^*(0,l,0) = ^^[/-C(0,a;) -a„F(0,a;,0)]Rev,Aw 
= (9a,A(0, l)Rev,w) = -i(Rev,w) = -i. 
Hence, the transversality condition (1.15) yields 

a(Re^,Im^) 



1X1=1 



(4.7) 



det 



a(A,cj) 



-(0,1,0) = -q;^0, 



therefore the implicit function theorem works. Using, moreover, that (4.3) yields $(A, a;, —Q 
— $(A,6(;, Q and, hence, ^(A, cu, — r) = ^'(A, r), we get 
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Lemma 4.1 There exist eo > and 5 > such that for all r G [0,eo] there exists exactly 
one solution A = A(r) G [—5,5], w = cj(r) G [1 — 5,1 + 5] to (4-4)- Moreover, the map 
r G [0, £0] ^ (^(^))'^(^)) ^ ^■^ C^-smooth, and it holds A(0) = 0, a;(0) = 1, and 



A'(0) = a;'(0) = 0. 

Now the local existence and uniqueness assertions of Theorem 1.2 are proved with 
[u{e)\{x,t)^ eRQY + w(x{e),Cj{e),e^ (a;, = £ Re (e~^V(x)) + 0(£^). 



(4.8) 



4.2 Bifurcation formula 

In this subsection we will prove the so-called bifurcation formula (cf. notation (1.15) and 
(1.20)) 

A"(0) = ^. (4.9) 

a 

This formula determines the so-caUed bifurcation direction, i.e., if a/3 > 0, then the bifur- 
cating periodic solutions to (1.1)-(1.3) exist for small A > 0, and, if a(3 < 0, then they 
exist for small A < 0. Moreover, it turns out that, as in the case of Hopf bifurcation for 
ODEs and parabolic PDEs, this formula determines the stability of the bifurcating periodic 
solutions to (1.1)-(1.3): If /3 > (the so-called supercritical case) and if the real parts of all 
eigenvalues /x 7^ ±i of (1.9) with A = have negative real parts (this is a reinforcement of 
the nonresonance assumption (1.16)), then the bifurcating periodic solutions to (1.1)-(1.3) 
are asymptotically orbitally stable, if ^ < (the so-called subcritical case) then they are 
unstable. Remark that in the present paper we do not deal with the stability question be- 
cause we do not have suitable criteria for nonlinear stability of time-periodic solutions to 
semilinear dissipative hyperbolic PDEs. This will be the topic for future work. 

In the following calculations we will use a standard approach (cf., e.g., [22, Chapter 1.9]) 
as well as its concrete reahzation for hyperbohc systems (see [14]). 

In order to prove (4.9), we differentiate the identity \l/(A(r), a;(r), r) = twice with respect 
to r at r = 0. Using (4.8), we get (9a^(0, 1,0)A"(0) + 9^^(0, l,0)t^"(0) + ^^^(0, 1,0) = 0. 
Hence (4.6) and (4.7) yield aA"(0) + Re9^^(0, 1,0) = 0. On the other hand, differentiating 
the identity r\E'(A, cu, r) = <l>(A,a;,r) three times with respect to r at A = r = and a; = 1, 
we get 35^^(0, 1, 0) = 9^$(0, 1, 0). Hence, in order to show (4.9) we have to show 

^ = -^Re9,3$(0,l,0). (4.10) 

To get a formula for 9^$(0, 1, 0) we denote w{r) :— w(0, 1, r) and calculate 

$(0,1, r) = ((/-C(0,l))(rRev + w(r)) -F(0,l,rRev + 'fZ)(r)),iw) 
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= {A{{I - C{0,1)) {rRev + w{r)) - F {0,l,rRev + w{r))) ,w) 
= {A(rRev + w(r)) - AF(0,l,rRev + w(r)),w) 

= - {B {rRev + w{r)) + AF{0,1, rRev + w{r)),w) . (4.11) 

Here we used that for all m G C„ the function C(0, l)u + F(0, l,u) satisfies the boundary 
conditions (1.2) and that also v and w{r) satisfy those boundary conditions. For {^{r) this 
follows from 

P [{I - C(0, l))(r Rev + w{r)) - F(0, l,r Rev + w{r))] 

2 

= ^(((/-C(0,l))(rRev + ^D(r)) -F(0,l,rRev + w(r))),iwk)vk (4.12) 

k=l 

(cf. (3.12) and (3.15)) and from the fact, that the functions Vk satisfy the boundary condi- 
tions (1.2) (cf. (3.10). Now we differentiate three times (4.11) with respect to r at r = 0, 
use B + AduF{Q) = and get 

9,^^(0,1,0) 

= - {Ad^FiO, 1, 0)(Re V, Rev, Rev) + 3AdlF{0, 1, 0)(Re v, ^"(0)), w> . (4.13) 

Let us calculate w"(0). For that we differentiate the identity (4.12) twice with respect to 
r at r = and get 

P [{I - C(0, 1) - duF{0, 1, 0))w"{0) - dlF{0, 1, 0)(Re V, Rev)] 

2 

= - J](A5^F(0,l,0)(Rev,Rev),Wk)vk. (4.14) 

k=l 

But [AdlF{0, l,0)(Rev,Rev)](a;,t) is of the type Ci{x)e^'* + Co{x) + c_i{x)e-^'* (cf. (3.5)), 
and Wk{x,t) is of the type (ii(x)e** + (i_i(x)e~'*, hence {AdlF{0, 1, 0)(Re v. Re v), Wk) = 0. 
Applying A to both sides of (4.14) and using Lemma 3.1, we get 

{A + B)w"{0) = AdlF{0, 1, 0)(Re V, Rev). (4.15) 

Because of (3.5) the j-th component of the right-hand side of (4.15) calculated at the point 
{x, t) is 

n 

k,l=l 
1 " 

= -4 E ^M"^) {vl{x)v^{x)e-'^' + 2v',{x)'^) + vl{x)vf{x)e'^') . 

k,l=l 
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Here we used notation (1-17). The j-th component of the left-hand side of (4.15) calculated 
at the point {x, t) is 

n 

dtw';{0){x, t) + aj{x, 0)d,w'^{0){x, t) + J2 bjk{x)w'l{0){x, t). 

k=l 

We are going to solve (4.15) with respect to w"{0) by means of the ansatz 



w';{0){x, t) = yj{x)e-''' + Zj{x) + yj{x)e''' 

with C-'^-functions yj : [0, 1] — >■ C and zj : [0, 1] — >■ IR which satisfy the boundary conditions 
corresponding to (1.2). Then (4.15) is equivalent to 



d " 1 

k=l k,l=l 

n 

VM = XI rjkyk{0), j = 1, . . . , m 

k=m+l 
m 

= ^rjkyk{'^),3 ^rn + l,...,n, 



k=l 



d ^ 1 " 

0)^^i(2^) + XI bjk{x)zk{x) = -2 X ^M^)4{^)f^i{x), 

k=l k,l=l 

n 

k=m+l 
m 

^j(l) = ^rjkZk{l),j = m + l,..., 



^ _ n. 

k=l 



In other words: The functions yj and zj have to be those as introduced in Section 1.1. 
Now we calculate the two terms in (4.13): The first term is 



3 " 

-(A9^F(0,l,0)(Rev,Rev,Rev),w> = - ^ / b^ki^M^^dx. 

j,k,l,r=l "^^ 

The second term is 

-3(yia^F(0,l,0)(Rev,^I;"(0)),w> = ^ ^ l" b^ki (v^zi + 4yi)^dx. 

Therefore, (4.10) and (4.13) yield the formula (1.20) of Section 1.1. 



40 



5 Example 



In this section we present a simple and, hence, academic example of a problem of the type 
(1.1)-(1.3) such that all assumptions (1.4)-(1.6), (1.8), (1.12)-(1.16), and (1.21) of Theorem 
1.2 are satisfied. The equations depend, besides of the frequency parameter ou and the 
bifurcation parameter A, on an additional real parameter 7 which can be chosen in such a 
way that supercritical as well as subcritical Hopf bifurcation occurs: 

udtUi - dxUi + \ui -U2 + 7Mf = udtU2 + dxU2 = 0, X e (0, 1), , . 

lil(0,i) =0, U^{l,t)^U2{l,t). ^ • > 

Using the notation of Section 1, we have m = 1, n = 2, ai(x. A) = —1, 02(0;, A) = 1, 
61 (x. A, Ml, U2) = Xui - U2 + 7Mf , b2{x, A, Ml, U2) = 0, ri2 = 0, and r2i = 1. 

Obviously, the conditions (1.4)-(1.6) and (1.8) are fulfilled. Condition (1.21) is fulfilled 
also because the choice ri2 = implies i?o = (cf. (1.18)). 

In order to check the remaining conditions (1.12)-(1.16) we consider the eigenvalue prob- 
lem (see (1.9)) 

-v[ + (A - ii)vi - V2 = V2 - IJ,V2 ^ 0, X e (0, 1), , . 

Ml(0)=Mi(l)-M2(l)=0 ^^-^^ 

and the adjoint eigenvalue problem (see (1.10)) 

w[ + (A - i')wi = —w'2 — wi — UW2 = 0, X e (0, 1), , . 

W2(0)^w^{l)-W2(l)^0. ^^■'^^ 

It is easy to verify that there do not exist real eigenvalues /j, to (5.2) and that (5.2) is 
equivalent to 

v,{x) = -^-^ {e^^ - e^'-^^-) , V2{x) = ce^^ 
e^-2M = 2//- A + 1. 

Here c — ^2(0) is a nonzero complex constant. Setting X — 2fj, — a + ib with a G M and 
(without loss of generahty) 6 > 0, we get 



b= Ve^-^ - (1 - 

and 



sin Ve^" - (1 - a)2 = - ^1 - e-2«(l - a)2. (5.5) 

It is easy to see that equation (5.5) has (besides of the solution a = 0) a countable number 
of solutions < ao < fli . . . tending to 00. Hence, the spectrum of (5.2) consists of countably 
many geometrically simple eigenvalues 



^^fiX) = 1 (^A - a, ± i^e2«. - (1 - a,)^) . 
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If A = ao, then the eigenvalue pair //q (cto) is on the imaginary axis 



The real parts of all other eigenvalues are negative, hence the nonresonance condition (1.16) 
is fulfilled. Obviously, the transversality condition (1.15) is fulfilled, since 

« = ^Re//^(^)lA=ao = ^■ 

In order to check (1.13), we first calculate wi{x) and W2{x) using (5.3) and the fact that 
u = p,. We get 

wi(x) = de(-^'^°-"°)^ W2(x) = (e-(^'^o+«o)^ - e^'^"^ . 

Here d — u'i(O) is again a nonzero complex constant. Hence, 

■1 o„J / 



iv^w^ + viW'^ dx = — — — ( [ e(2^^°-"°)^dx - 1^ 

ao - 2iuJo \Jo ) 



Ird 

(^^ao-2i^o _ g2ia;o-ao^ ^ g. (5.6) 



(ao - 2icc;o)2 
Here we used that 

gao-2ia;o _ 2iuJo - ttQ + I (5.7) 

(Cf. (5.4)). 

In order to calculate (3 we have to normalize fi,f2,wi and W2 according to (1-14). Using 
(5.6), we get 

rf-^ (ao-2i..o)^ (5.8) 

Further, we have hjki = for all indices j, k, and I, buu — 67 and bjkir = if one of the 
indices j, k, I, r is not equal to one. Hence, 

37 



/3 = -^Re J vlvlv^w^idx. 

Moreover, using (5.7) and (5.8), we get 

\vl{x)\\lix)w\ix) = , ' ' ^ ,„ J. |1 - e(«°-2^'^°)"| (1 - e(2^'^°-«°)^) 

I ^1 1^ ^ 1^ ^ |ao-2zcuo|2|l + e»o-2»^o|2 I ' ^ ^ 
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Equation (5.7) yields also 

Jo 2ao 4ia;o 



and 



Therefore, 



Re (e"°-2ia;o ^ g2ao^ 5 ^ f ^ ^ g2iu,o-ao 

V V 2ao J J 



37|c|2(e"« - ao + 1) / e^"" - 1 

5 + 



4|ao - 22Woni + e''""^*'^"^ V 2ao 

Now, because of Cq > it follows f3 > (supercritical Hopf bifurcation) for 7 < and (3 < 
(sub critical Hopf bifurcation) for 7 > 0. 



A Appendix 

In this appendix we present a simple linear version of the so-called fiber contraction principle 
(see, e.g., [7, Section 1.11.3]): 

Lemma A.l Let U be a Banach space and Ui,U2, ■ ■ ■ & U a converging sequence. Further, 
let Ai, A2, . . . e jO.{U) be a sequence of linear bounded operators on U such that there exists 
c < 1 such that for all u & U it holds 

\\Anu\\ < c\\u\\ for all 1,2,... (A.l) 

and 

AiU, A2U, . . . converges in U. (A. 2) 
Finally, let vi,V2, ... & U be a sequence such that for all n — 1,2, ... we have 

Vn+l = A^Vn + Un. (A.3) 

Then the sequence Vi,V2, ■ ■ ■ converges in U . 

Proof. Because of (A. 2) there exists A e C{U) such that for all w e C/ we have AnU — )■ An 
in [/ for n — >■ 00. Moreover, (A.l) yields that \\Au\\ < c\\u\\ for all u E U. Because of c < 1 
there exists exactly one v E U such that v = Av + u, where u E U is the limit of the sequence 

ui,u2, . . . e U. 
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Let us show that Vk ^ v in U ior k ^ oo. Because of (A. 3) we have 

Vn+l - V = An{Vn - v) + {An - A) V + Un - U. (A.4) 

Using the notation r„ := \\vn — v\\ and s„ := || {A^ — A) v\\ + \\un — u\\, we get from (A.l) 
and (A.4) 

n 

+ csn-i + Sn < • ■ ■ < c"ri + J2 ^''""'Sm- (A.5) 

m=0 

Take Sq > such that s„ < Sq for all n. Then (A.5) implies for < Z < n 

rn+i < ( ri + So C-™ I + max s^. (A.6) 

\ / i — C m>l 

\ m=0 / 



But we have 



maxsm ^ for / ^ oo. (A. 7) 

m>l 



Given £ > 0, fix Z e N sufficiently large, in order to meet the estimate 



s 



1 — C m>l 2 

Moreover, choose no G N so large that 



(A.8) 



[ n + soJ2 c"™ I < ^ for all n > no- (A.9) 
V m=0 / ^ 

Then (A.6)-(A.9) yield that |r„+i| < e for all n > Uq, as desired. □ 
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